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MASS, CENTER OF MASS AND ISOPERIMETRY IN ASYMPTOTICALLY FLAT
3-MANIFOLDS
SERGIO ALMARAZ AND LEVI LOPES DE LIMA
ABSTRACT. We revisit the interplay between the mass, the center of mass and the large scale behav-
ior of certain isoperimetric quotients in the setting of asymptotically flat 3-manifolds (both without
and with a non-compact boundary). In the boundaryless case, we first check that the isoperimet-
ric deficits involving the total mean curvature recover the ADM mass in the asymptotic limit, thus
extending a classical result due to G. Huisken. Next, under a Schwarzschild asymptotics and assum-
ing that the mass is positive we indicate how the implicit function method pioneered by R. Ye and
refined by L.-H. Huang may be used to establish the existence of a foliation of a neighborhood of
infinity satisfying the corresponding curvature conditions. Recovering the mass as the asymptotic
limit of the corresponding relative isoperimetric deficit also holds true in the presence of a noncom-
pact boundary, where we additionally obtain, again under a Schwarzschild asymptotics, a foliation
at infinity by free boundary constant mean curvature hemispheres, which are shown to be the unique
relative isoperimetric surfaces for all sufficiently large enclosed volume, thus extending to this setting
a celebrated result by M. Eichmair and J. Metzger. Also, in each case treated here we confirm that
the geometric center of the foliation coincides with the center of mass of the manifold as defined by
Hamiltonian methods.
1. INTRODUCTION
Among the large scale invariants that can be attached by means of Hamiltonian methods to an
asymptotically flat Riemannian 3-manifold, viewed as the (time-symmetric) initial data set of a
solution of Einstein field equations, the ADM mass and the center of mass stand out as the most
relevant ones. Besides their undisputable physical prominence, the study of these invariants also
reveals deep connections with several areas of Geometric Analysis, including the Yamabe prob-
lem [Sch, LP, BM], the inversemean curvature flow [HI], the construction of canonical foliations at
infinity [HY, Ye, Me, Hua1, Hua2, Ne2] and the existence of isoperimetric surfaces for sufficiently
large enclosed volumes [EM1]. We recall that in order to have the center of mass well defined,
we must supplement the standard ADM decay assumptions with the so-called Regge-Teitelboim
conditions [RT, BO]. Even though some of the results discussed below do not require the fulfill-
ment of these extra conditions, throughout this Introduction we assume that this is always the
case in order to simplify the discussion.
Motivated by questions related to the Yamabe problem on manifold with boundary [Al], a
version of the positive mass theorem has been established for asymptotically flat manifolds car-
rying a noncompact boundary [ABdL, AdLM]. Moreover, a notion of center of mass for this
class of manifolds has been introduced in [dLGM], again under a suitable Regge-Teitelboim-type
condition. The main purpose of this paper is to confirm that, similarly to what happens in the
boundaryless case, these asymptotic invariants also play a central role in the investigation of large
scale isoperimetric properties in the presence of a noncompact boundary.
S. Almaraz has been partially suported by CNPq/Brazil grant 309007/2016-0 and FAPERJ/Brazil grant JCNE E-
26/202.802/2019. L. de Lima has been partially supported by CNPq/Brazil grant 312485/2018-2. Both authors have
been partially suported by FUNCAP/CNPq/PRONEX grant 00068.01.00/15.
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With this goal in mind, we start by slightly broadening our perspective and checking that al-
ready in the boundaryless case the ADM mass is recovered as the asymptotic limit of certain
isoperimetric deficits involving the enclosed volume, the area and the total mean curvature in
various combinations (Theorem 2.2). This provides interesting extensions of a well-known result
due to Huisken [Hui], where the area/volume case is dealt with. Moreover, it clearly suggests
the existence of stable foliations in a neighborhood of infinity satisfying the corresponding cur-
vature conditions, which besides the mean curvature should additionally involve (a modified
version of) the Gauss-Kronecker curvature (the product of the principal curvatures). Under a
Schwarzschild asymptotics and assuming as usual that the ADM mass is positive, we prove the
existence of the foliations by adapting the well-known implicit function method pioneered by Ye
[Ye] and refined by Huang [Hua1]. Their approach is made feasible here by means of a simple
calculation expressing the Gauss-Kronecker curvature of large coordinate spheres in terms of the
corresponding mean curvature up to a remainder decaying fastly enough (Proposition 3.3). This
is a quite direct consequence of the existence of an almost conformal vector field at infinity and
allows us to rely on the computations for the mean curvature in [Hua1, Hua3]. As a by-product
of this procedure we are able to identify in each case the geometric center of the foliation with
the center of mass of the manifold as defined by Hamiltonian methods. Besides their intrinsic
interest, the existence of the foliations suggest that their leafs may be realized as isoperimetric
surfaces for the corresponding isoperimetric problems, which involve minimizing the total mean
curvature for large prescribed values of the volume or area, at least if some convexity assumption
on the competing surfaces is imposed. Notice that this is in alignment with the well-known fact
that round spheres in R3 constitute global minimizers to these problems among convex surfaces
[Sc, GL, CW]; see also Remark 2.4 for more on this point.
Our next goal is to confirm that some of the classical results referred to above may be suitably
extended to the class of asymptotically flat manifolds introduced in [ABdL]. We first prove that
in the presence of a noncompact boundary the relative isoperimetric deficit involving the area of
coordinate hemispheres and the volume they enclose jointly with the boundary also recovers the
mass in the asymptotic limit (Theorem 2.4). As before, this preliminary remark is accompanied by
a result ensuring, again under a Schwarzschild asymptotics and assuming that the mass is posi-
tive, that a neighborhood of infinity is foliated by stable free boundary hemispheres of constant
mean curvature (CMC) and moreover that the geometric center of mass of this foliation coincides
with the center of mass as defined by Hamiltonian methods (Theorem 2.5). We may view these
results as the large scale analogues of the main theorem in [Mon], even though the technical de-
tails are quite distinct in nature. A key step here is the establishment of a certain identity relating
the center of mass to the integral over large coordinate hemispheres of the higher order terms in
the expansion of the corresponding mean curvature against the asymptotic coordinates along the
noncompact boundary (Proposition 4.1). In the boundaryless case, this kind of identity was first
proved in [Hua1, Hua3] by means of a quite delicate density argument. Subsequently, an elemen-
tary proof appeared in [EM2] and we succeed in checking that this latter reasoning adapts well in
the presence of a noncompact boundary. As in these works, the identity is used here to remove the
obstruction to the invertibility of the relevant linearized operator coming from the invariance of
the mean curvature under translational isometries preserving the asymptotic boundary, besides
playing a crucial role in checking that the geometric and Hamiltonian centers of mass coincide.
Moreover, it provides an alternate expression for the center of mass as an asymptotic integral
involving the mean curvature of large coordinate hemispheres (Corollary D.1). Finally, we com-
plete our analysis of the large scale geometry of this class of manifolds by checking that these free
boundary CMC hemispheres constitute the unique relative isoperimetric surfaces for sufficiently
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large values of the enclosed volume (Theorem 2.6). This extends to our setting a previous result
by Eichmair-Metzger in the boundaryless case [EM1].
In order to keep to a minimum the technical features of the exposition, we work here under
a Schwarzschild asymptotics whenever needed. In particular, we are usually quite generous
when imposing orders of decay rates for the asymptotics of geometric quantities. Also, we have
chosen to avoid the consideration of inner minimal horizonts (black holes). Moreover, we restrict
ourselves to the time-symmetric case, thus bypassing the complications coming from the extrinsic
geometry of the given initial data set. As a consequence, we are unable to consider here the
rather appealing question of determining how the asymptotic quantities vary as the initial data
set evolves in time under the field equations. Nevertheless, we believe that the results established
here under these mildly restrictive assumptions may be suitably extended to larger classes of
asymptotically flat manifolds, in the line of [Hua2, Me, Ne1, Ne2, EM1, CESY, JL, CS] for instance.
Another topic we refrain from discussing here in detail is the uniqueness of the leafs as solutions
of the corresponding variational problems. However, we remark that in the specific case of the
free boundary CMC hemispheres in Theorem 2.5, the appropriate uniqueness is easily obtained
by adapting an argument in [HY, Section 4]; see Appendix E. We note that this uniqueness is
crucial when identifying those hemispheres to the relative isoperimetric hemispheres in Theorem
2.6 and eventually guarantees that they are unique in the class of relative isoperimetric surfaces
enclosing large volumes. Finally, it would be interesting to investigate how our constructions fit
into the quasi-local approach to conserved quantities summarized in [CWY]. We hope to address
some of these questions elsewhere.
This paper is organized as follows. In section 2, after a brief motivation intended to illustrate
the local interplay between isoperimetric quotients and the scalar curvature, we provide precise
statements of all the results mentioned above. The arguments leading to the existence of the
stable foliations are presented in Sections 3 and 4. The proof of Theorem 2.6, which provides
the relative isoperimetric regions in the presence of a boundary, is explained in Section 5. In
order not to interrupt the exposition in the bulk of the paper, we defer to the appendices the
proofs of a few technical results, including a discussion of the isoperimetric variational theories
involved, specially in regard to the corresponding stability criteria. These appendices are also
used to introduce much of the notation used in the paper.
Acknowledgments.We thank A. Freitas, J.F. Montenegro and S. Nardulli for conversations at an
early stage of this project.
2. PRELIMINARIES AND STATEMENTS OF THE RESULTS
For the sake ofmotivation, we start by considering an arbitrary Riemmanian 3-manifold (M, g).
We fix q ∈ M and introduce normal coordinates z = (z1, z2, z3) around q in the usual way. If
r = |z| is the geodesic distance to q, let BM
r
(q) be the geodesic ball of radius r centered at q and
SM
r
(q) = ∂BM
r
(q) the corresponding geodesic sphere. If N is the outward unit normal to SM
r
(q),
let Wr = ∇N be the shape operator of Sr(q), where ∇ is the Levi-Civita connection. For each
k = 1, 2we may consider the curvature integral
(2.1) QM ;k
r
(q) =
∫
SM
r
(q)
σ2−k(Wr)dS
M
r
(q),
where σi(Wr) is the elementary symmetric function of degree i in the eingenvalues of Wr (the
principal curvatures κ1, κ2). Thus, σ0 = 1, σ1 = κ1 + κ2, the mean curvature, also denoted here
by H , and σ2 = κ1κ2, the Gauss-Kronecker curvature, also denoted here by K . Finally, we set
QM ;3r (q) = volg(B
M
r (q)) by convention.
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For 1 ≤ k < h ≤ 3 we may consider the isoperimetric quotient
(2.2) IM ;h,k
r
(q) =
QM ;kr (q)
h
k
QM ;hr (q)
.
Notice that for (M, g) = (R3, δ), the euclidean space with the standard flat metric, these quotients
do not depend on the pair (q, r) so we may denote them simply by Ih,k.
Proposition 2.1. As r → 0 there holds
(2.3) 1− I
M ;h,k
r (q)
Ih,k
= ck,hRg(q)r
2 +O(r4), ck,h > 0,
where Rg is the scalar curvature of g. In particular, if Rg(q) ≥ 0 then
(2.4) IM ;h,kr (q) ≤ Ih,k,
for all r > 0 small enough.
Proof. This folklore result may be checked as follows. The expansion for the volume, namely,
QM ;3r (q)
QR
3;3
r (~0)
= 1− Rg(q)
30
r
2 +O(r4),
may be found in [Gr, Section 9.2]. By means of the well-known variational formulae
QM ;2r (q) =
d
dr
QM ;3ρ (q), Q
M ;1
r (q) =
d
dr
QM ;2ρ (q),
we see that
QM ;2r (q)
QR
3;2
r (~0)
= 1− Rg(q)
18
r
2 +O(r4),
and
QM ;1
r
(q)
QR
3;1
r (~0)
= 1− Rg(q)
9
r
2 +O(r4).
From these, the expansions in (2.3) follow easily. 
This result says that the local behavior of the relative isoperimetric quotients IM ;h,k
r
(q)/Ih,k is
completely determined by the sign of Rg(q). We note however that in general this isoperimetric
comparison result only holds true at small scales since the argument depends on the correspond-
ing asymptotic expansions as r → 0. Our first remark here is that large scale versions of this
principle hold true in the setting of asymptotically flat manifolds with non-negative scalar curva-
ture and, as we shall see, this is closely related to the positive mass theorem in General Relativity.
In the case (h, k) = (3, 2), this was first observed by Huisken [Hui], as we now pass to describe.
Definition 2.1. A manifold (M, g) is asymptotically flat if there exists a compact subset U ⊂ M
and a diffeomorhism M\U ∼= R3\B1(~0) such that in the corresponding asymptotic coordinates
x = (x1, x2, x3) there holds
(2.5) e := g − δ = O3(r−τ ), τ > 1
2
and
(2.6) Rg = O(r
−3−σ), σ > 0,
as r = |x|δ → +∞.
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Note that (2.6) implies Rg ∈ L1(M).
Any such manifold may be viewed as the time-symmetric initial data set of a solution of Ein-
stein field equations whose geometry at spatial infinity is essentially Minkowskian. In particular,
the appropriate version of Noether’s theorem may be employed to attach to the Riemannian
manifold (M, g) certain asymptotic invariants capturing commom physical quantities associated
to the isolated gravitational systemmodelled by the solution [ADM, RT, BO, Chr, HW]. The most
prominent of these is the so-called ADM mass, which is given by
(2.7) mADM = lim
r→+∞
1
16π
∫
S2r
U(1, e)
(x
r
)
dS2r .
Here,
U(f, e) = f(divδe− dtrδe)− i∇δfe+ trδe df, f : R3 → R,
1 is the function identically equal to 1 and S2r is the coordinate sphere of radius r in the asymptotic
region centered at the origin.
Let us denote byA(r) (respectively V (r)) the area of S2r (respectively the volume of the compact
region enclosed by S2r ). We now recall a classical definition due to Huisken.
Definition 2.2. [Hui] Under the conditions above, we set
(2.8) JM ;3,2r =
2
A(r)
(
V (r) − 1
6π1/2
A(r)
3
2
)
,
and define the isoperimetric mass of (M, g) as
(2.9) mM ;3,2 = lim
r→+∞
JM ;3,2r .
Remark 2.1. Since
(2.10) JM ;3,2r = 2
V (r)
A(r)
(
1− Î
M ;3,2
r
I3,2
)
,
where
ÎM ;3,2r =
A(r)3/2
V (r)
is the large scale analogue of the isoperimetric quotient in (2.2) with (h, k) = (3, 2) and I3,2 =
6π1/2 is the corresponding quotient on round spheres in (R3, δ), mM ;3,2 should be thought of as
the analogue of the isoperimetric deficit in the right-hand side of (2.3) with (h, k) = (3, 2), but this
time evaluated at infinity.
As remarked above, the isoperimetric massmM ;3,2 should somehow be controlled in case the
standard dominant energy condition Rg ≥ 0 holds; here we view (M, g) as a time-symmetric ini-
tial data set propagating in time to a solution of Einstein field equations, so this energy condition
is justified on physical grounds. This link between positive scalar curvature and subisoperimetry
at infinity holds true indeed and the key result goes as follows.
Theorem 2.1. [Hui] If (M, g) is asymptotically flat then
(2.11) mM ;3,2 = mADM .
Notice that this justifies the appearence of the extra factor V (r)/A(r) in the right-hand side
of (2.10) as the ADM mass has the dimension of length. Combining this with the positive mass
theorem [SY] we obtain the following remarkable result.
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Corollary 2.1. If (M, g) is asymptotically flat with scalar curvature Rg ≥ 0 then
mM ;3,2 ≥ 0,
with the strict inequality holding unless (M, g) = (R3, δ) isometrically.
Remark 2.2. The discussion above leads naturally to a conjectured C0 version of the positive mass
theorem. More precisely, the subisoperimetry condition in (2.4) with (h, k) = (3, 2)may be inter-
preted as the statement that Rg(q) ≥ 0 for a metric g which is only assumed to be C0. This led
Huisken to conjecture that the validity of this subisoperimetry condition at any q ∈ M implies
that an asymptotically flat manifold (M, g), where g is of class C0, is subisoperimetric at infinity
in the sense that its isoperimetric mass is nonnegative, with the equality holding if and only if
(M, g) = (R3, δ) isometrically. Of course, here we rely on the fact the isoperimetric mass may in
principle be defined for this class of metrics. To our knowledge, this conjecture, which contitutes
a far-reaching generalization of the standard positive mass theorem in [SY], is still wide open. In
any case, we observe that a similar question may be formulated in the presence of a non-compact
boundary; see Remark 2.5.
A proof of Theorem 2.1 appears in [FST] and for our purposes a key observation is that a simple
variation of their computations, which we reproduce in Appendix A, proves that this remarkable
connection between isoperimetry and mass also holds true for the remaining isoperimetric quo-
tients involving the total mean curvature
M(r) :=
∫
S2r
HdS2r
of the coordinate sphere S2r (this corresponds to the cases (h, k) = (3, 1) and (h, k) = (2, 1) in
(2.3)).
Definition 2.3. Under the conditions above, set
JM ;3,1r =
4
3rM(r)
(
V (r) − 1
3 · 27 · π2M(r)
3
)
=
4
3
V (r)
rM(r)
(
1− Î
M ;3,1
I3,1
)
,
and
JM ;2,1r =
1
M(r)
(
A(r) − 1
16π
M(r)2
)
=
A(r)
M(r)
(
1− Î
M ;2,1
I2,1
)
,
where
ÎM ;3,1 =
M(r)3
V (r)
, ÎM ;2,1 =
M(r)2
A(r)
, I3,1 = 3 · 27 · π2, I2,1 = 16π,
and define the corresponding isoperimetric masses by
(2.12) mM ;3,1 = lim
r→+∞
JM ;3,1r and m
M ;2,1 = lim
r→+∞
JM ;2,1r .
Theorem 2.2. If (M, g) is asymptotically flat then
(2.13) mM ;3,1 = mADM and m
M ;2,1 = mADM .
Again, if combined with the positive mass theorem, this result has the following nice conse-
quence.
Corollary 2.2. If (M, g) is asymptotically flat with scalar curvature Rg ≥ 0 then
mM ;3,1 ≥ 0 and mM ;2,1 ≥ 0,
with the strict inequality holding in each case unless (M, g) = (R3, δ) isometrically.
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We present the proof of Theorem 2.2 in Appendix A.
Remark 2.3. The subisoperimetry condition in (2.4) with either (h, k) = (3, 1) or (h, k) = (2, 1)
may be interpreted as the statement that Rg(q) ≥ 0 for a metric g which is only assumed to be
C1. Thus, similarly to the discussion in Remark 2.2, we may ask whether the validity of any of
these subisoperimetry conditions everywhere on an asymptotically flat manifold endowed with
a C1 metric implies that the corresponding isoperimetric mass is nonnegative, with the rigidity
statement holding as well. It would be interesting to examine this question in light of recent
developments in proving versions of the positive mass theorem for metrics with low regularity;
see [LL] and the references therein.
We now recall the connection between isoperimetry and another basic invariant of asymptoti-
cally flat 3-manifolds, namely, the center of mass [RT, BO].
Definition 2.4. We say that an asymptotically flat 3-manifold as in Definition 2.1 satisfies the
Regge-Teitelboim (RT) conditions if there holds
(2.14) g(odd)(x) = O2(r
−1−τ ), τ >
1
2
,
and
(2.15) R(odd)g = O(r
−4−σ), σ > 0.
Here, g(odd)(x) = (g(x) − g(−x))/2 in the asymptotic region and similarly for R(odd)g . Note
also that (2.15) guarantees that each xiR
(odd)
g ∈ L1(M). Since it is clear that xiR(even)g , where
R
(even)
g = Rg−R(odd)g , has the property that its integral over the region enclosed by two coordinate
spheres vanishes, we may use the method in [Mi] with xi as a static potential in order to ensure
that to any manifold as in Definition 2.4 with mADM 6= 0 we may attach a (Hamiltonian) center
of mass by
(2.16) Ci = lim
r→+∞
1
16πmADM
∫
S2r
U(xi, e)
(x
r
)
dS2r , i = 1, 2, 3.
Example 2.1. Recall that the Schwarzschild metric on R3\{a}, a ∈ R3, is given by
(2.17) gm,a =
(
1 +
m
2|x− a|δ
)4
δ,
where m ∈ R. We denote gm = gm,~0 for simplicity. Clearly, gm,a is asymptotically flat and since
Rgm,a = 0, it also satisfies the RT conditions. The associated asymptotic invariants may be easily
determined if we expand (2.17) as r = |x|δ → +∞:
gm(x) =
(
1 +
2m
r
+
2ma · x
r3
+
3m2
r2
+O(r−3)
)
δ,
where the dot is the euclidean inner product. A direct computation then gives mADM = m and
C = (2/m)a.
This example indicates that the mass and the center of mass are somehow captured by the
first and second order term in the asymptotic expansion of the metric in r−1, respectively. This
motivates the consideration of the following important class of examples.
Definition 2.5. We say that an asymptotically flat 3-manifold (M, g) (with τ = 1) is asymptotically
Schwarzschild (aS) if in the asymptotic region there holds
(2.18) g =
(
1 +
2m
r
)
δ + p, p = O3(r
−2).
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An aS manifold may not satisfy the RT conditions as (2.15) might be violated. Thus, we still
have that mADM = m but in case m 6= 0 the limit in (2.16) might not exist. In fact, convergence
takes place if and only if each xiRg is integrable [CT]. Further examples where the limit defining
the center of mass diverges may be found in [CN]. In any case, if an aS manifold additionally
satisfies RT then we say that it is aSRT.
With the appropriate definitions at hand, we now come back to the isoperimetry discussion
motivated by Corollaries 2.1 and 2.2. These results suggest that for aSRT manifolds with m >
0, large coordinate spheres might be perturbed to yield global solutions to the corresponding
isoperimetric problems (here we should assume that the competing surfaces are convex in a suit-
able sense so as to make sure that M(r) > 0). In the classical case (h, k) = (3, 2), this has been
established in [EM1]. Very likely, a similar result should hold in the remaining cases treated
in Theorem 2.2 and we hope to address this issue elsewhere. In any case, a first check toward
this goal is to show that under these same asymptotic conditions a neighborhood of infinity can
be foliated by surfaces satisfying the corresponding curvature conditions and moreover that the
geometric center of the foliations relate to the center of mass of (M, g) defined by Hamilton-
ian methods as in (2.16). In the classical case (h, k) = (3, 2), the existence of a canonical folia-
tion by stable CMC spheres and the identification of the geometric center of this foliation with
the Hamiltonian center of mass has been first established by Huisken and Yau [HY] and then
investigated further by many authors under varying asymptotic assumptions; see for instance
[Ye, QT, CoW, Me, Hua1, Hua2, EM1, CESY, Ne1, Ne2, CS]. Here we rely on the implicit function
approach developed in [Ye, Hua1, Hua2] to treat the cases (h, k) = (3, 1) and (h, k) = (2, 1) as
follows.
Theorem 2.3. Assume that (M, g) is aSRT with positive ADM mass. Then there exists a neighborhood
of infinity which is foliated by strictly stable spheres satisfying any of the curvature conditions below:
(2.19) K˜ := K − 1
2
Ricg(ν, ν) = const.,
or
(2.20) K˜ = γH.
Here, K is the Gauss-Kronecker curvature, ν is the outward unit normal and γ is a suitably chosen La-
grangian multiplier (varying with the leaf). Moreover, the geometric center of any of these foliations coin-
cides with the Hamiltonian center of mass C of (M, g).
We note that the curvature conditions (2.19) and (2.20) express the facts that the surfaces
are critical configurations for the corresponding isoperimetric quotients (they extremize the to-
tal mean curvature under a volume or area constraint, respectively) and the stability statement
should be understood in this variational sense; see Appendix B for a discussion of this issue. The
proof of Theorem 2.3 is presented in Section 3.
Remark 2.4. It is well-known that in Euclidean space (R3, δ) the isoperimetric quotients in (2.3)
with (h, k) = (3, 1) or (h, k) = (2, 1) are minimized at round spheres if some convexity assump-
tion is imposed on the competing surfaces. In the convex case (K ≥ 0) this follows from classical
Brunn-Minkowski theory [Sc]. The result holds more generally if the competing surfaces are as-
sumed to bemean convex (H ≥ 0) and star-shaped [GL] and it is conjectured that star-shapedness
may be dispensed with; see [CW] for a survey of recent contributions in this direction. The prob-
lem of extending these isoperimetric inequalities (and their analogues involving quermassinte-
grals of higher order) to other geometries, again under suitable convexity requirements, is quite
challenging from a technical viewpoint. The class of aSRT 3-manifolds seems to be a natural
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choice for starting this research program, as it is reasonable to conjecture that the leafs of the foli-
ations in Theorem 2.3 constitute global solutions to the corresponding isoperimetric problems for
large values of the area or volume. In this regard, see [dLL] for a possible approach to a version
of this problem in space forms using methods from Integral Geometry.
We now turn to asymptotically flat 3-manifolds carrying a non-compact boundary as in [ABdL].
We set R3+ = {x ∈ R3;x3 ≥ 0}, the Euclidean half-space with the standard flat metric δ+ = δ|R3+ .
Definition 2.6. ([ABdL]) A 3-manifold (M, g) is asymptotically flat with a non-compact boundary
Σ if there exists a compact subset V ⊂M and a diffeomorhismM\V ∼= R3+\B1(~0) such that in the
corresponding asymptotic coordinates x = (x1, x2, x3) there holds
(2.21) e+ := g − δ+ = O3(r−τ ), τ > 1
2
,
and
(2.22) Rg = O(r
−3−σ), HΣ = O(r
−2−σ), σ > 0,
as r = |x|δ → +∞. Here,HΣ is the mean curvature of Σ.
Note that (2.22) implies that Rg ∈ L1(M) andHΣ ∈ L1(Σ).
In this setting, the asymptotic invariant corresponding to (2.7) has been defined in [ABdL] and
is given by
(2.23) m = lim
r→+∞
1
16π
(∫
S2r,+
U(1, e+)
(x
r
)
dS2r,+ −
∫
S1r
e+
(x
r
, ϑ
)
dS1r
)
,
where S2r,+ is the coordinate hemisphere of radius r in the asymptotic region, S
1
r = ∂S
2
r,+ ⊂ Σ and
ϑ is the outward unit normal vector field to S2r,+ along S
1
r (with respect to the flat metric δ
+). In
order to introduce the corresponding relative isoperimetric deficit we denote byA(r) (respectively
V(r)) the area of S2r,+ (respectively, the volume of the compact region enclosed by S2r,+ and Σ).
Similarly to (2.8) we may consider
JM ;3,2r =
1
A(r)
(
V(r)− 1
3 · 21/2π1/2A(r)
3
2
)
=
V(r)
A(r)
(
1− I
M ;3,2
r
I3,2
)
,
where
IM ;3,2r =
A(r) 32
V(r)
and I3,2 = 3 · 21/2π1/2 is the relative isoperimetric quotient computed at a hemisphere centered
at a point in R2 = ∂R3+. The corresponding notion of isoperimetric mass is given by
(2.24) mM ;3,2 = lim
r→+∞
JM ;3,2r .
We may now state the exact analogue of Theorem 2.1 in this setting.
Theorem 2.4. Under the conditions above,
(2.25) mM ;3,2 = m.
This result, whose proof is postponed to Appendix A, has the following notable consequence.
Corollary 2.3. Let (M, g) be asymptotically flat with a non-compact boundary Σ. Assume further that
Rg ≥ 0 everywhere and HΣ ≥ 0 along the boundary. Then
m
M ;3,2 ≥ 0,
with the strict inequality holding unless (M, g) = (R3+, δ
+) isometrically.
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Proof. Apply the positive mass theorem in [ABdL]. 
Remark 2.5. Pick any smooth Riemannian 3-manifold (M, g) with boundary ∂M and fix q ∈
∂M . After introducing Fermi coordinates around q, we may consider the coordinate hemisphere
SMr,+(q) of small radius r > 0 centered at q. By using the calculations in [Mon, Fa] we may easily
check that, as r → 0,
1− I
M,∂M ;3,2
r
(q)
I3,2 = cH∂M (q)r +O(r
2),
for some constant c > 0. Here,
IM,∂M ;3,2r (q) =
A(r)3/2
V(r) ,
whereA(r) and V(r) are respectively the area of SM,∂Mr,+ (q) and the volume it encloses jointly with
∂M , and H∂M (q) is the mean curvature of ∂M at q. Thus, if the metric g is assumed to be merely
C0, we may interpret the (boundary) subisoperimetry condition
(2.26) IM,∂M ;3,2
r
(q) ≤ I3,2,
for all r > 0 small enough, as the statement that H∂M (q) ≥ 0 in this weak sense. Thus, in the
spirit of Remark 2.2 above, we are led to conjecture that for an asymptotically flat 3-manifold
with a noncompact boundary endowed with a C0 metric, the fulfillments of the subisoperimetry
conditions (2.4) for q in the interior and (2.26) for q on the boundary imply that its isoperimetric
mass is nonnegative, with the equality taking place if and only if it is isometric to (R3+, δ
+). This
would lead to a far-reaching generalization of the main result in [ABdL].
In order to have a well defined center of mass in the setting of Definition 2.6, we need the
analogue of the RT conditions (2.14) and (2.15).
Definition 2.7. We say that an asymptotically flat 3-manifold with a noncompact boundary as in
Definition 2.6 satisfies the Regge-Teitelboim (RT) conditions if there holds
(2.27) g(odd
′)(x) = O2(r
−1−τ ), τ > 1/2,
and
(2.28) R(odd
′)
g = O(r
−4−σ), H
(odd′)
Σ = O(r
−3−σ), σ > 0.
Here, g(odd
′)(x) = (g(x′, x3) − g(−x′, x3))/2 with x′ = (x1, x2), and similarly for R(odd
′)
g and
H
(odd′)
Σ . Note that (2.28) implies that each xαR
(odd′)
g ∈ L1(M) and each xαH(odd
′)
Σ ∈ L1(Σ). Also,
xαR
(even′)
g , where R
(even′)
g = Rg−R(even
′)
g , has the property that its integral over the region enclosed
by two large coordinate hemispheres vanishes, and similarly for the integral of xαH
(even′)
Σ over
the region in the boundary enclosed by two coordinate circles; this takes into account that in such
a region x3 is an even function of x
′ which vanishes onΣ, namely, x3 =
√
r2 − |x′|2. Thus, wemay
use the method in [Mi], as adapted in [AdLM] and with xα as a static potential, to ensure that to
any manifold as in Definition 2.7 with m 6= 0we may attach a (Hamiltonian) center of mass by
(2.29) C+α = lim
r→+∞
1
16πm
(∫
S2r,+
U(xα, e
+)
(x
r
)
dS2r,+ −
∫
S1r
xαe
+
(x
r
, ϑ
)
dS1r
)
, α = 1, 2.
This invariant has been introduced in [dLGM].
As in the boundaryless case, wemay also consider the half-Schwarzschildmetric g+m = gm|R3
+
\{~0}.
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Definition 2.8. An asymptotically flat 3-manifoldwith a noncompact boudnary (M, g,Σ) is asymp-
totically half-Schwarzschild (ahS) if a neighborhood of infinity may be identified to the complement
of a hemisphere in R3+ so that
(2.30) g =
(
1 +
2m
r
)
δ+ + p+, p+ = O3(r
−2).
As usual, if we assume further that each xαRg and xαHΣ are integrable then the center of mass
C+ is well defined for ahS manifolds. Thus, we may also consider ahSTRmanifolds in this setting
(i.e. ahS manifolds meeting the RT conditions).
Corollary 2.3 suggests that for an ahSTR manifold with m > 0, large coordinate hemispheres
may be perturbed to yield global solutions of the corresponding relative isoperimetric problem,
where each competing surface S satisfies ∂S ⊂ Σ and intS ∩Σ = ∅, with the relevant constrained
volume being the one enclosed by S and Σ. The next result turns out to be a first step toward this
goal.
Theorem 2.5. Assume that (M, g) is an ahSRT 3-manifold with a noncompact boundary Σ. If m =
m/2 > 0 then there exists a neighborhood of infinity which is foliated by strictly stable free boundary CMC
hemispheres. Moreover, the geometric center of this foliation coincides with the Hamiltonian center of mass
C+ of (M, g,Σ).
The proof of this result is presented in Section 4. Again, the stability statement above should
be interpreted in the appropriate sense; see Appendix B.
Our next result solves the relative isoperimetric problem referred to above by extending a
celebrated result due to Eichmair-Metzger [EM1] to our setting. To state it, recall that the relative
isoperimetric profile Ig : [0,+∞)→ [0,+∞) of (M, g,Σ) is given by
Ig(V ) = inf
Ω
P(∂∗Ω,Mo),
where Mo = M\Σ is the interior of M and ∂∗Ω is the relative reduced boundary of a Borel set
Ω ⊂ M satisfying: i) vol(Ω) = V ; ii) the relative perimeter P (∂∗Ω,Mo) is finite. We stress that
in the computation of P(∂∗Ω,Mo) only that part of the boundary area inside Mo counts, hence
the qualification “relative”. A solution to the relative isoperimetric problem is a Borel subset Ω
such that vol(Ω) = V and P(∂∗Ω,Mo) = Ig(V ) for some V > 0. We then say that Ω is a (relative)
isoperimetric region and its boundary ∂Ω ∩Mo is a (relative) isoperimetric surface.
Theorem 2.6. Let (M, g,Σ) be as in Theorem 2.5. Then there exists V0 > 0 such that for any V ≥ V0
a bounded isoperimetric region with volume V exists whose connected, smooth boundary remain close to
a centered coordinate hemisphere, with the region sweeping out the whole manifold as V → +∞. In
particular, the corresponding isoperimetric surfaces coincide with the leafs of the foliation in Theorem 2.5,
thus being unique for each value of the enclosed volume.
This result, whose proof is presented in Section 5, provides a very precise description of the
relative isoperimetric profile of (M, g,Σ) as above for all sufficiently large values of the volume.
3. THE FOLIATIONS IN THE BOUNDARYLESS CASE: THE PROOF OF THEOREM 2.3
The purpose of this section is to explain how the well-known implicit function method pre-
sented in [Ye, Hua1] may be adapted to prove Theorem 2.3. Thus, we consider in a aSRT mani-
fold as in the theorem the coordinate sphere S2R(a) of radius ρ > 0 centered at some a ∈ R3. A
justifiable assumption here is that a varies in a bounded region and we will take it for granted.
In particular, the dependence on a in some of the bounds below sometimes will not be explicitly
indicated.
The following results play a central role in our argument.
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Proposition 3.1. [Hua1] In a aS manifold, the mean curvature of S2ρ(a) at a point x is
(3.1) Hρ,a(x) =
2
ρ
− 4m
ρ2
+
9m2
ρ3
+
6m(x− a) · a
ρ4
+Gρ(x, a) +O(ρ
−4),
where
Gρ(x, a) =
1
2
pij,k(x)rirjrk + 2
pij(x)
ρ
rirj − pij,i(x)rj
−pii(x)
ρ
+
1
2
pii,j(x)rj ,(3.2)
with r = (x − a)/ρ.
Proposition 3.2. [Hua1] The center of mass C of an aSRT manifold satisfies
(3.3)
∫
S2ρ(a)
(xi − ai)Gρ(x, a)dS2,δρ (a) = −8πmCi +O(ρ−1), i = 1, 2, 3,
where dS2,δρ (a) is the area element induced by the flat metric.
The key observation now is that we can express the Gauss-Kronecker curvatureKρ,a of S
2
ρ(a)
in terms of the mean curvature Hρ,a up to terms decaying fastly enough. This will allow us to
make use of the previous propositions.
Proposition 3.3. If (M, g) is aS then
(3.4) 2ρKρ,a = Hρ,a
(
1− 2m
ρ
+O(ρ−2)
)
+O(ρ−5).
Corollary 3.1. The modified Gauss-Kronecker curvature expands as
(3.5) 2ρK˜ρ,a =
2
ρ
− 6m
ρ2
+
17m2
ρ3
+
6m(x− a) · a
2ρ4
+Gρ(x, a) +O(ρ
−4).
Proof. Combine (3.4), (3.1) and the fact that
(3.6) Ricg(ν, ν) = −2m
ρ3
+O(ρ−4).

Corollary 3.2. The center of mass of an aSRT manifold is given by
Ci = − lim
ρ→+∞
1
4πm
∫
S2ρ(~0)
xiρK˜ρ,~0dS
2,δ
ρ (~0).
Proof. As explained in [Hua2, Hua3, EM2], an immediate consequence of (3.3) is that
Ci = − lim
ρ→+∞
1
8πm
∫
S2ρ(~0)
xiHρ,~0dS
2,δ
ρ (~0).
Combining this with the various expansions above, the result follows. 
The proof of Proposition 3.3, which relies on the fact that the Schwarzschild space carries a
radial conformal vector field, is deferred to Appendix C.
We now proceed with the proof of Theorem2.3. We consider, for a function φ ∈ C2,α(S2ρ(a)),
the corresponding normal graphical surface over S2ρ(a):
(3.7) S2ρ(a, φ) = {x+ ρ−θφ(x)ν(x);x ∈ S2ρ(a)}, θ ∈ (0, 1).
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By Taylor formula, the modified Gauss-Kronecker curvature of S2ρ(a, φ) expands as
K˜ρ(a, φ) = K˜ρ(a, 0) + dK˜ρ(a, 0)φ+
∫ 1
0
(
dK˜ρ(a, sφ) − dK˜ρ(a, 0)
)
(φ)ds.
We now observe that K˜ρ(a, 0) = K˜ρ,a and dK˜ρ(a, 0) = LS2ρ(a), the Jacobi operator appearing in
(B.14), whose asymptotic behavior we need to determine. With this goal in mind we introduce
local coordinates {y1, y2} on S2ρ(a) and let δρ be the induced euclideanmetric, so that h = g|S2ρ(a) is
given by
h =
(
1 +
2m
ρ
)
δρ +O(ρ
−2).
Proposition 3.4. One has
LS2ρ(a) = −
1
ρ
(
∆ρ +
2
ρ2
)
+O(ρ−4),
where∆ρ is the Laplacian with respect to δρ.
Proof. With the notation of Appendix B we have
ΛS2ρ(a) =
1√
deth
∂B
(√
dethhACΠBA∂C
)
, ∂A = ∂/∂yA.
Since
√
deth =
(
1 +
2m
ρ
)√
det δρ +O(ρ
−2), hAC =
(
1 +
2m
ρ
)−1
δACρ +O(ρ
−2),
and
(3.8) ΠBA = ρ
−1δBA +O(ρ
−2),
we compute that
ΛS2ρ(a) =
1√
deth
∂B
(
ρ−1
√
det δρ δ
BC
ρ ∂C +O(ρ
−2)
)
, ∂A = ∂/∂yA,
and since
√
det δρ = O(ρ
2), we get
ΛS2ρ(a) =
1
ρ
∆ρ +O(ρ
−4).
On the other hand, from (3.1) and (3.4),
Hρ,aKρ,a =
2
ρ3
+O(ρ−4).
Also, from (3.6), (3.8) and the fact that
(3.9) Riemνg =
1
2
Ricg(ν, ν)h+O(ρ
−4),
we see that
(3.10)
1
2
∇νRicg(ν, ν)− trhΠRiemνg = O(ρ−4).
The result follows. 
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We now have at our disposal the ingredients needed to prove the existence of a foliation satis-
fying (2.19) in Theorem 2.3. Indeed, from the computations above we see that finding φ so that
(3.11) K˜ρ(a, φ) =
1
ρ2
− 3m
ρ3
is equivalent to solving
(3.12) 2ρ−θ∆(ρ)φ =
17m2
ρ3
+
6m(x− a) · a
ρ4
+Gρ(x, a) + Eρ,
where∆(ρ) = ∆ρ + 2ρ
−2 and the remainder Eρ is controlled as
|Eρ| ≤ cρ−4(1 + |a|) + cρ−3
(
ρ−θ|φ|+ ρ−2θ|φ|2 + ρ2−2θ|φ||∂2φ|) .
We next pull back this equation under the map F : S21(~0)→ S2ρ(a), F (x) = a+ ρx, so as to obtain
an equation for ψ = F ∗φ on S21(~0):
(3.13) 2∆(1)ψ =
17m2
ρ1−θ
+
6mx · a
ρ1−θ
+ ρ2+θG1(x, a) + ρ
2+θE˜1,
where∆(1) = ∆1 + 2, G1 = F
∗Gρ and
|E˜1| ≤ cρ−4(1 + |a|) + cρ−3
(
ρ−θ|ψ|+ ρ−2θ|ψ|2 + ρ−2θ|ψ||∂2ψ|) .
We note that the primary obstruction to solving (3.13) is the fact that the operator ∆(1) :
C2,α(S21(~0)) → Cα(S21 (~0)) has a nontrivial cokernel generated by the functions xi, i = 1, 2, 3.
However, using (3.3) we easily calculate that∫
S2
1
(~0)
xi
(
17m2
ρ1−θ
+
6mx · a
ρ1−θ
+ ρ2+θG1(x, a)
)
dS2,δ1 (~0) = −
8πm
ρ1−θ
(ai − Ci)
+O(ρ−1‖ψ‖C2).
Moreover, the remaining integral
∫
S1(~0)
xiρ
2+θE˜1dS
2,δ
1 (~0)may be estimated so as to yield
2
∫
S2
1
(~0)
xiF (x, a, ψ)dS
2,δ
1 (~0) =
−8πm(ai − Ci) + Ê
ρ1−θ
,
where F (x, a, ψ) is the right-hand side of (3.13) and
(3.14) Ê = O((ρ−1 + ρ−θ)‖ψ‖C2).
Thus, sincem 6= 0 for each ρ large enough we may choose aρ such that
(3.15) aρ = C + (8πm)−1Ê,
so as to have
(3.16)
∫
S2
1
(~0)
xiF (x, aρ, ψ) dS
2,δ
1 (~0) = 0,
for any ψ with ‖ψ‖C2 bounded.
With the obstruction so removed we may now use a standard fixed point argument to check
that (3.12) has a unique solution φρ for all such ρ. More precisely, from (3.16)we see thatF (x, aρ, ψ)
lies in Ran∆(1) if ‖ψ‖C2,α ≤ 1. Therefore, we may uniquely solve
(3.17) 2∆(1)ψ˜ = F (x, aρ, ψ),
for ψ˜ ∈ C2,α(S21(~0)) ∩ (ker∆(1))⊥ satisfying
(3.18) ‖ψ˜‖C2,α ≤ C‖F (x, aρ, ψ)‖C0,α ≤ C′(ρ−θ + ρθ−1),
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and this is≤ 1 if ρ is large enough. Thus, the map ψ 7→ ψ˜ has a fixed point which yields a solution
ψρ of (3.13) and hence a solution φρ of (3.12). In particular, the graphical surface associated to
φρ, denoted simply S
2
ρ(φρ), has constant modified Gauss-Kroneker curvature given by the right-
hand side of (3.11). Moreover, if we choose θ = 1/2 in (3.18) then this analysis guarantees that
φρ ∈ C2,α(S2ρ(aρ)) satisfies
(3.19)
∑
|I|≤2
ρ|I||∂Iφρ|+
∑
|I|=2
ρ2+α[∂Iφρ]α ≤ C′′ρ1/2,
so the corresponding graphical surface S2ρ(φρ), which actually involves the function ρ
−1/2φρ, re-
mains at a fixed distance of S2ρ(aρ) while becoming rounder as ρ → +∞. Since the geometric
center of mass is given by
CK˜ = limρ→+∞
∫
S2ρ(φρ)
x dS2,δρ (φρ)∫
S2ρ(φρ)
dS2,δρ (φρ)
,
we easily see from (3.14), (3.15) and (3.19) that CK˜ = C as stated in the theorem. Also, each such
surface may be viewed as a graph over S2ρ(C). For simplicity of notation, we still denote such a
surface by S2ρ(φρ). Finally, for further use we note that by (3.19) we may determine the asymptotic
expansions of the geometric invariants of S2ρ(φρ). The result is
(3.20)

K = ρ−2 − 2mρ−3 +O(ρ−4)
H = 2ρ−1 − 4mρ−2 +O(ρ−3)
|W |2 = 2ρ−2 − 8mρ−3 +O(ρ−4)
Ric(ν, ν) = −2mρ−3 +O(ρ−4)
KG = ρ
−2 − 2mρ−3 +O(ρ−4)
Here,KG is the Gaussian curvature.
It remains to check that for ρ0 large enough, the family of surfaces S
2
ρ(φρ), ρ ≥ ρ0, defines a
foliation whose leafs are strictly stable in the appropriate sense. We first tackle the stability issue.
Theorem 3.1. Ifm > 0 then S2ρ(φρ)is strictly stable for all ρ large enough.
Proof. According to Proposition B.3, we must estimate from below the quadratic form
V (f) =
∫
S
(
〈Π∇Sf,∇Sf〉 − f2
(
HK − 1
2
∇νRicg(ν, ν)− trSΠRiemνg
))
dS,
where f ∈ G(S) and here we set S = S2ρ(φρ) for simplicity. From (3.20) we have
−HK = − 2
R3
+
12m
ρ4
+O(ρ−5).
Also, from (3.6), (3.8) and (3.9),
1
2
∇νRicg(ν, ν)− trSΠRiemνg =
m
ρ4
+O(ρ−5).
Thus,
(3.21) V (f) ≥
∫
S
〈Π∇Sf,∇Sf〉dS +
(
− 2
ρ3
+
13m
ρ4
+O(ρ−5)
)∫
S
f2dS.
We now observe that the Newton tensor of S = S2ρ(φρ) satisfies
(3.22) Π =
(
1
ρ
− 2m
ρ2
)
I +O(ρ−3).
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On the other hand, by the well-known Lichnerowicz eigenvalue bound,∫
S
|∇Sf |2dS ≥ 2 infKG
∫
S
f2dS, f ∈ G(S).
where by (4.10),
infKG =
1
ρ2
− 2m
ρ3
− Cρ−4, C > 0.
We thus conclude that
V (f) ≥
(
5m
ρ4
− Cρ−5
)∫
S
f2dS,
and the result follows. 
We now check that the surfaces define a foliation. Since the argument, as explained for instance
in [Hua3], is by nowwell-known andmay be easily adapted to our setting, here we merely sketch
the proof.
Proposition 3.5. Let ζ0 < ζ1 be the first two (unconstrained) eigenvalues of LS2ρ(φρ). Then
ζ0 = − 2
ρ3
+
13m
ρ4
+O(ρ−5), ζ1 ≥ 5m
ρ4
− Cρ−5.
In particular, LS2ρ(φρ) : C
2,α(S2ρ(φρ))→ Cα(S2ρ(φρ)) is invertible for all ρ large enough.
The proof of this statement is basically a refinement of the stability analysis above. In any case,
for any such fixed ρ0 large enough, it implies the existence of a unique fρ0 ∈ C2,α(S2ρ0(φρ0 )) such
LS2ρ0(φρ0 )
fρ0 = 1.
Proposition 3.6. The function fρ0 vanishes nowhere on S
2
ρ0(φρ0).
Proof. This follows immediately from the estimate
sup
S2ρ0 (φρ0)
|fρ0 − fρ0 | ≤ Cρ−10 |fρ0 |,
whereC > 0 is a constant depending only g and the overline stands for the average over S2ρ0(φρ0 ).
The method of proof, which is explained in [Hua3, Section 5.2], makes use of Nash-Moser iter-
ation and equally applies here due to the fact that LS2ρ0(φρ0 )
is elliptic of divergence type; see
Appendix B. 
Now, we may organize the graphical surfaces S2ρ0(φρ) with ρ close to ρ0 in a smooth deforma-
tion
F : (K˜ρ0 − ǫ, K˜ρ0 + ǫ)× S2ρ0(φρ0 )→M, ǫ > 0,
where K˜ρ0 is the modified Gauss-Kronecker curvature of S
2
ρ0(φρ0 ) and F (K˜, ·) has constant mod-
ified Gauss-Kronecker curvature equal to K˜ . Clearly,
F (K˜, x) = expS2ρ0 (φρ0)
(f˜K˜ν),
for some function f˜K˜ on S
2
ρ0(φρ0) with f˜K˜ρ0
≡ 0. Let
f˜0 :=
∂f˜K˜
∂K˜
|K˜=K˜ρ0 =
〈
∂F
∂K˜
|K˜=K˜ρ0 , ν
〉
.
By (B.13),
LS2ρ0(φρ0 )
f˜0 =
d
dk
(
K˜ρ0 + k
)
|k=0 = 1,
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so that f˜0 = fρ0 by uniqueness. In particular, f˜0 never vanishes and we may use the inverse
function theorem to conclude that F is a diffeomorphism onto a small neighborhood of S2ρ0(φρ0 )
in M . This shows that the surfaces define a foliation and completes the proof of the first part of
Theorem 2.3.
We now sketch the proof of the existence of a stable foliation satisfying the curvature condition
in (2.20), whose leafs correspond to surfaces extremizing the total mean curvature under an area
constraint by Appendix B. The Lagrange multiplier γ is determined by observing that (3.1) and
(3.5) lead to
K˜ρ,a
Hρ,a
=
1
2ρ
− m
2ρ2
+O(ρ−3).
With this choice of γ = O(ρ−1) > 0, it then follows from (3.22), (B.13) and (B.9) that the quadratic
form associated to the linearization of (2.20) at S = Sρ(a) has∫
S
〈(Π− γI)∇Sf,∇Sf〉dS =
(
1
2ρ
− 3m
2ρ2
+O(ρ−3)
)∫
S
|∇Sf |2dS
as its principal part. Hence, the linearization of (2.20) is selfadjoint. In fact, a computation shows
that the rescaled linearization on S21(~0) is 2(1 − γ)∆(1); compare with the left-hand side of (3.13).
Thus, the linearization is elliptic as well and we are in a position to run the implicit function
method above in order to construct a graphical surface over Sρ(a) satisfying (2.20). As in the
preceding case, this step only uses that m 6= 0. If m > 0 then a further analysis shows that
these graphical surfaces comprise a foliation of a neighborhood of infinity whose leafs are strictly
stable in the appropriate sense. Moreover, the geometric center of this foliation coincides with the
Hamiltonian center of mass. In this way, the proof of Theorem 2.3 is completed.
4. THE FOLIATION BY FREE BOUNDARY CMC HEMISPHERES: THE PROOF OF THEOREM 2.5
In this section we present the proof of Theorem 2.5. Thus, in any ahSRT manifold as in the
theorem we may consider the coordinate hemisphere S2ρ,+(b) centered at some b ∈ R2. As in
Proposition 3.1, we may compute the mean curvatureHρ,+,b of this hemisphere to obtain
(4.1) Hρ,+,b(x) =
2
ρ
− 4m
ρ2
+
9m2
ρ3
+
6m(x− b) · b
ρ4
+Gρ(x, b) +O(ρ
−4),
where Gρ(x, b) is as in (3.2) with r = (x − b)/ρ. We also need the analogue of Proposition 3.2,
which goes as follows.
Proposition 4.1. There holds
(4.2)
∫
S2ρ,+(b)
(xα − bα)Gρ(x, b)dS2,δ+ρ,+ (b) = −8πmC+α +O(ρ−1), α = 1, 2,
where dS
2,δ+
ρ,+ (b) is the area element induced by the flat metric.
The proof of this proposition, which adapts an argument first appearing in [EM2, Appendix
F], is presented in Appendix D.
We now proceed to the proof of Theorem 2.5 via the standard implicit function method [Ye,
Hua1]. We consider, for a function φ ∈ C2,α(S2ρ,+(b)) satisfyingNeumann boundary condition along
S1ρ = ∂S
2
ρ,+, the corresponding normal graphical surface over S
2
ρ,+(b):
(4.3) S2ρ,+(b, φ) = {x+ ρ−θφ(x)ν(x);x ∈ S2ρ,+(b)}, θ ∈ (0, 1).
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By Taylor formula, the mean curvature of S2ρ,+(b, φ) expands as
Hρ,+(b, φ) = Hρ,+(b, 0) + dHρ,+(b, 0)φ+
∫ 1
0
(dHρ,+(b, sφ)− dHρ,+(b, φ)) ds.
Wenow observe thatHρ,+(b, 0) = Hρ,+,b and dHρ,+(a, 0) = LS2ρ,+(b), the Jacobi operator appearing
in (B.7). Thus, finding φ so that
(4.4) Hρ,+(b, φ) =
2
ρ
− 4m
ρ2
is equivalent to solving
(4.5) ρ−θ∆(ρ)φ =
9m2
ρ3
+
6m(x− b) · a
ρ4
+Gρ(x, b) + Eρ,
where as usual ∆(ρ) = ∆ρ + 2ρ
−2 and the remainder Eρ has the expected bounds. We next pull
back this equation under themap F : S21,+(0)→ S2ρ,+(b), F (x) = b+ρx, so as to obtain an equation
for ψ = F ∗φ on S21,+(0):
(4.6) ∆(1)ψ =
9m2
ρ1−θ
+
6mx · b
ρ1−θ
+ ρ2+θG1(x, b) + ρ
2+θE˜1,
where∆(1) = ∆1 + 2 and G1 = F
∗Gρ.
We now recall that the operator ∆(1) : C
2,α
⋆ (S
2
1,+(~0)) → Cα(S21,+(~0)), where the star means
that we impose the Neumann boundary condition, has a nontrivial cokernel generated by the
functions xα, α = 1, 2. Clearly, this poses an obstruction to solving (4.6). However, using (4.2) we
easily calculate that∫
S2
1,+(
~0)
xα
(
9m2
ρ1−θ
+
6mx · b
ρ1−θ
+ ρ2+θG1(x, b)
)
dS2,δ
+
1,+ (~0) = −
8πm
ρ1−θ
(
bα − C+α
)
+O(ρ−1‖ψ‖C2),
so we end up with ∫
S2
1,+(
~0)
xαG (x, b, ψ)dS
2,δ+
1,+ (~0) =
−8πm(bα − C+α ) + Ê
ρ1−θ
,
where G (x, b, ψ) is the right-hand side of (4.6) and
(4.7) Ê = O((ρ−1 + ρ−θ)‖ψ‖C2).a
Thus, for each ρ large enough we may choose bρ such that
(4.8) bρ = C+ + (8πm)−1Ê,
so as to have
(4.9)
∫
S2
1,+(
~0)
xαG (x, bρ, ψ) dS
2,δ+
1,+ (~0) = 0,
for any ψ with ‖ψ‖C2 bounded. This eliminates the obstruction mentioned earlier.
As in the proof of Theorem 2.3 above, we may now use the standard fixed point argument
to check that (4.5) has a unique solution φρ for all such ρ. In particular, the graphical surface
corresponding to φρ as in (4.3), denoted Sρ,+(φρ), has constant mean curvature given by the right-
hand side of (4.4). Also, the Neumann condition imposed on φρ implies that this graphical surface
is free boundary. Moreover, S2ρ,+(φρ) remains at a fixed distance of S
2
ρ,+(bρ) while becoming
rounder as ρ→ +∞.
MASS, CENTER OF MASS AND ISOPERIMETRY IN ASYMPTOTICALLY FLAT 3-MANIFOLDS 19
The geometric center of mass of this family of surfaces, which is given by
C+H = limρ→+∞
∫
S2ρ,+(φρ)
x dS2,δ
+
ρ,+ (φρ)∫
S2ρ,+(φρ)
dS2,δ
+
ρ,+ (φρ)
,
clearly coincides with C+. Also, each such surface may be viewed as a graph over S2ρ(C+). For
simplicity we retain the notation and still denote such a surface by S2ρ,+(φρ). It remains to check
that this family of free boundary CMC hemispheres defines a foliation of a neighborhood of in-
finity with stable leafs. As usual we first consider the stability issue.
Theorem 4.1. If m = m/2 > 0 then Sρ,+(φρ) is strictly stable for all ρ large enough.
For the proof we first note that the geometric invariants of Sρ,+(φρ) expand as
(4.10)

|W |2 = 2ρ−2 − 8mρ−3 +O(ρ−4)
Ric(ν, ν) = −2mρ−3 +O(ρ−4)
KG = ρ
−2 − 2mρ−3 +O(ρ−4)
We also need the asymptotic expansion of the second fundamental of Σ, the noncompact bound-
ary ofM .
Lemma 4.1. The second fundamental form B of Σ satisfies
(4.11) Bαβ = O(ρ−3), α, β = 1, 2.
Proof. Recall that
g =
(
1 +
2m
r
)
δ+ + p+, p+ = O(ρ−2).
Near infinity, Σ is defined by x3 = 0 and its tangent space is generated by {∂1, ∂2}. If η = ηi∂i is
the unit normal along Σ then
Bαβ = 〈η,∇∂α∂β〉 = Γiαβ〈η, ∂i〉 = Γ3αβg3iηi.
Since
Γ3αβ =
1
2
(
1 +
2m
r
)−1
(gα3,β + gβ3,α − gαβ,3)
= −1
2
(
1 +
2m
r
)−1
gαβ,3 +O(ρ
−3),
and
gαβ,3 = −2mr−2 ∂r
∂x3
δαβ +O(ρ
−3)
= −2mr−3x3δαβ +O(ρ−3)
= O(ρ−3),
the result follows. 
By Proposition B.1, the proof of Theorem 4.1 involves estimating from below the quadratic
form
Q(f) =
∫
S
(|∇Sf |2 − (|W |2 +Ric(ν, ν)) f2) dS − ∫
∂S
κf2d∂S, f ∈ F(S),
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where here we set S = Sρ,+(φρ) for simplicity. We may assume that
∫
S
f2dS = 1, which implies
f = O(ρ−1). Hence, using (4.10),
(4.12) Q(f) =
∫
S
(|∇Sf |2dS −
∫
∂S
κf2d∂S − 2
ρ2
+
10m
ρ3
+O(ρ−4).
Thus, we are left with the task of estimating from below the quadratic form
Q̂(f) =
∫
S
(|∇Sf |2dS −
∫
∂S
κf2d∂S, f ∈ F(S),
which is equivalent to estimating from below the first eigenvalue λ̂ of the eigenvalue problem
(4.13)
{ −∆Sf = λf in S
∂f
∂µ = κf on ∂S
where f ∈ F(S). Notice that a comparison with the first eigenvalue 2/ρ2 of the Neumann (κ = 0)
eigenvalue problem on (Sρ,+(a), δ
+
ρ ) →֒ (R3+, δ+) already shows that λ̂ > 0 and provides the
preliminary but useful estimate λ̂ = O(ρ−2).
From (4.13) with λ = λ̂we see that
(4.14)
∫
S
|∇Sf |2dS =
∫
∂S
κf2d∂S + λ̂.
From (4.11), κ = Bαβνανβ = O(ρ−3), so that ∂f/∂µ = O(ρ−4) and
∫
∂S
κf2d∂S = O(ρ−4). Thus,∫
S
|∇Sf |2dS = O(ρ−2), so that ∇Sf = O(ρ−2) and, moreover, from (4.13) we get∆Sf = O(ρ−3).
We now apply a well-known integral identity due to Reilly [Re]. In our setting (dimS = 2) it
simplifies to ∫
S
(
(∆Sf)
2 − |∇2Sf |2
)
dS = 2
∫
∂S
∂f
∂µ
∆∂Sfd∂S
+
∫
∂S
H∂S
((
∂f
∂µ
)2
+ |∇∂Sf |2
)
d∂S
+
∫
S
KG|∇Sf |2dS,
where H∂S is the mean (in fact, geodesic) curvature of ∂S in S. Since S is free boundary, H∂S =
B(T, T ) = O(ρ−3), where T is a unit tangent vector along ∂S andwe used (4.11). Thus, the second
integral in the right-hand side equals∫
∂S
H∂S |∇Sf |2d∂S = O(ρ−6).
On the other hand,
∆∂Sf = ∆Sf − ∂
2f
∂µ2
= O(ρ−3),
so that the first integral in the right-hand side is also O(ρ−6). Finally, using (4.10) and (4.14),∫
S
KG|∇Sf |2dS ≥
(
1
ρ2
− 2m
ρ3
− Cρ−4
)(
λ̂+O(ρ−4)
)
, C > 0,
and combining this with the fact that |∇2Sf |2 ≥ (∆Sf)2/2we get
λ̂
(
λ̂− 2
ρ2
+
4m
ρ3
)
≥ −C′ρ−6, C′ > 0.
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Since we already know that λ̂−1 = O(ρ2) is positive, this gives
λ̂ ≥ 2
ρ2
− 4m
ρ3
− C′′ρ−4, C′′ > 0.
Combining this with (4.12) we finally have
Q(f) ≥ 6m
ρ3
− C′′ρ−4,
which completes the proof of Theorem 4.1.
From this point on, the proof that the family of free boundary CMC hemispheres comprises a
foliation follows from a simple variation of the standard argument. Indeed, if χ0 < χ1 are the
first two (unconstrained) eigenvalues of LSρ,+(φρ), a spinoff of the analysis above leads to
(4.15) χ0 = − 2
ρ2
+
10m
ρ3
+O(ρ−4), χ1 ≥ 6m
ρ3
− C′′ρ−4.
In other words, LSρ,+(φρ) : C
2,α
• (Sρ,+(φρ)) → Cα(Sρ,+(φρ)) is injective, where the bullet indicates
that the boundary condition in (4.13) is imposed. Since it is known that this Jacobi operator
is Fredholm of index zero [MNS, Section 2], we see that it is surjective as well. In particular,
there exists fρ ∈ C2,α• (Sρ,+(φρ)) such that LSρ,+(φR)fρ = 1. On the other hand, just like in the
discussion after the proof of Proposition 3.6 above, we may realize fρ as the variational function
associated to a deformation of S2ρ,+(φρ) by the graphical free boundary CMC hemispheres, now
parameterized by their mean curvature H ∈ (Hρ − ǫ,Hρ + ǫ), ǫ > 0. Since the Nash-Moser
scheme may be implemented to make sure that fρ never vanishes, the standard argument using
the inverse function theorem shows that this deformation actually provides a diffeomorphism of
(Hρ− ǫ,Hρ+ ǫ)×S2ρ,+(φρ) onto a small neighborhood of S2ρ,+(φρ) inM . This proves the existence
of the foliation and completes the proof of Theorem 2.5.
5. LARGE RELATIVE ISOPERIMETRIC HEMISPHERES: THE PROOF OF THEOREM 2.6
Here we follow [EM1] closely and present a sketch of the proof of Theorem 2.6. We start by
briefly reviewing the argument leading to their main result, which is based on three ingredients:
• An effective area comparison result for large volume, off-center regions in Schwarzschild
space, which refines Bray’s characterization of isoperimetric regions as being those en-
closed by centered spheres (together with the minimal horizon) [Br, CGGK]. This is then
transplanted to an effective estimate for large volume, off-center regions in asymptotically
Schwarzschild manifolds; see Proposition 3.3 and Theorem 3.4 in [EM1].
• A precise understanding of the behavior of minimizing sequence of regions attaining the
corresponding isoperimetric profile, to the effect that they split as the disjoint union of a
(possibly empty) isoperimetric region (for the volume it encloses) that remains at a finite
distance of a given point and a coordinate ball of radius r ≥ 0 which slides away toward
the asymptotic region. Moreover, if none of these regions degenerate (in particular, r > 0)
then the boundary of the isoperimetric region left behind has constant mean curvature
2/r; see [EM1, Proposition 4.2], which relies on [RR, Theorem 2.1].
• Existence of a foliation by CMC spheres filling out the asymptotic region as in [HY, Ye,
Hua1], whose leafs are unique in a suitable sense.
The first item above is used to make sure that the boundary of a sufficiently large isoperimet-
ric region remains close to a centered coordinate sphere bounding the same volume in the sense
that the scale invariant C2-norm of the function describing such large isoperimetric surface as
a normal graph over the centered sphere tends to zero as the enclosed volume goes to infinity.
Otherwise, by suitably scaling down the region one is able to check that it is off-center, hence not
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isoperimetric by the effective area estimate, a contradiction; see [EM1, Theorem 5.1]. With this
information at hand, one sees from the second item above that for a large enclosed volume the
worst case scenario takes place whenever the runaway ball does not degenerate, for in this case
the isoperimetric region attaining this volume splits as the disjoint union of two large balls with
nearly the same radius. Since this configuration is far from being isoperimetric, we get a contra-
diction. Thus, the runaway ball actually disappears and the isoperimetric region starts filling out
the whole manifold as the enclosed volume diverges. Moreover, as its boundary remains close to
a centered coordinate sphere, it has to coincide with a leaf of the foliation appearing in the third
item.
It turns out that all of these ingredients also work fine in our setting. Of course, the existence of
the relevant foliation, in our case by free boundary CMC hemispheres, is the content of Theorem
2.5 and Appendix E. We now discuss the validity of the remaining ones.
First, it is clear that in half-Schwarzschild space, the region bounded by the minimal horizon
r = m/2 and a coordinate sphere of radius r > m/2 is the only one attaining the relative isoperi-
metric profile for the corresponding volume. Otherwise, after reflecting upon the totally geodesic
boundary x3 = 0 we obtain a region in “boundaryless” Schwarzschild space which is isoperi-
metric but differs from any of the symmetric regions realizing the corresponding isoperimetric
profile as in Bray’s result. Essentially the same argument yields an effective area comparison for
off-center regions in ahS manifolds.
Definition 5.1. Let (M, g,Σ) be as in Theorem 2.6. Given (τ, η) ∈ (1,+∞) × (0, 1), a bounded
Borel set Ω ⊂M of finite relative perimeter is said to be (τ, η)-off-center if:
(1) there exists a large coordinate hemisphere S2r,+, r > 1, whose enclosed region, say Mr,
has the same volume as Ω;
(2) H2g(∂∗Ω\Mτr) ≥ ηH2(S2r,+).
Here,H2g is Hausdorff measure with respect to g.
The next proposition provides the analogue of the first item above to our setting.
Proposition 5.1. Let (M, g,Σ) be as in Theorem 2.6. For every (τ, η) ∈ (1,+∞)×(0, 1) there exists V0 >
0 andΘ > 0 such that the following holds. Let Ω ⊂M be a bounded Borel set with finite relative perimeter
whose volume is at least V0 and which is (τ, η)-off-center and further satisfiesH2g(∂∗Ω)1/2volg(Ω)−1/3 ≤
Θ andH2g(Mσ ∩ ∂∗Ω) ≤ Θσ2 for all σ ≥ 1. Then,
(5.1) H2g(S2r,+) + cr ≤ H2g(∂∗Ω), c = c(m, τ, η) > 0.
Proof. First note that an effective bound similar to (5.1) holds in case Ω is a subset of the half-
Schwarzschild space. Indeed, upon reflecting this Ω across the totally geodesic boundary x3 = 0
we obtain a region in the exact “boundaryless” Schwarzschild space to which [EM1, Proposition
3.3] applies. By halving the so obtained estimate, the sought for bound follows. As already
emphasized in [EM1], this bound is robust enough to provide, via a suitable scaling argument,
the effective area estimate (5.1) for a (τ, η)-off-center region in a ahS manifold as in the theorem.
The argument is virtually identical to the one appearing in the proof of [EM1, Theorem 3.4], so it
is omitted here. 
By a scaling argument as in the proof of [EM1, Theorem 5.1], we check that isoperimetric
surfaces remain close to a centered hemisphere as the volume diverges. We now take a divergent
sequence of volumes Vi → +∞. Arguing as in [EM1, Proposition 4.2], we see that there exits a
fixed isoperimetric region Ωi and a coordinate half-ball of radius ri ≥ 0which is disjoint from Ωi
MASS, CENTER OF MASS AND ISOPERIMETRY IN ASYMPTOTICALLY FLAT 3-MANIFOLDS 23
and contributes to the attained isoperimetric profile in the expected manner:
vol3(Ωi) +
2πr3i
3
= Vi, H2g(∂∗Ωi) + 2πr2i = Ig(Vi).
This is our analogue of the volume splitting in the second item above. Moreover, if ri > 0 as
i→ +∞ then the mean curvature of ∂∗Ωi is 2/ri, so the relative isoperimetric region associated to
Vi encompasses two disjoints half-balls with nearly the same radius ri. This contradiction shows
that ri = 0 for all i large enough. Thus, to each volume greater than some V0 the corresponding
isoperimetric region stays at a finite distance from a given point on themanifold. Since we already
known that this region centers around a large coordinate hemisphere, it certainly sweeps out
the whole manifold as the volume diverges and its boundary necessarily coincides with a free
boundary CMC hemisphere described in Theorem 2.5; see Appendix E in regard to this last point.
This completes our sketch of the proof of Theorem 2.6.
Remark 5.1. As already pointed out in [EM1], the existence of relative isoperimetric regions for
sufficiently large enclosed volumes via the argument above only requires that g is C0-asymptotic
to half-Schwarzschild. The higher order asymptotics, the Regge-Teitelboim condition included,
are only needeed to make sure that a foliation exists as in Theorem 2.5, so its leafs may be identi-
fied to the isoperimetric hemispheres.
Remark 5.2. The argument above assumes the well-known fact that relative isoperimetric surfaces
are sufficiently regular (indeed smooth) up to the boundary and hence are stable free boundary
CMC surfaces as explained in Appendix B. This most desirable property is explicitly stated in
[RR, Proposition 2.4] and we refer to the discussion there for the pertaining sources.
Remark 5.3. Very likely an analogue of Theorem 2.5 holds true for the class of asymptotically
hyperbolic 3-manifolds with a noncompact boundary introduced in [AdL]. This would extend
a series of results in the boundaryless case literature starting with [Ri, NT1, NT2, MP]; see also
[Ne3] and the references therein for a recent account of the status of this line of research. In the
same vein, it might also be possible to characterize the corresponding large relative isoperimetric
regions in the line of the main result in [Ch], so as to extend Theorem 2.6 accordingly.
APPENDIX A. THE LARGE SCALE ISOPERIMETRIC DEFICITS AND THE MASS: THE PROOFS OF
THEOREMS 2.2 AND 2.4
Here we present the proof of Theorem 2.2. The argument is a simple variation on the compu-
tation appearing in [FST], where a proof of Theorem 2.1 appears. This justifies the inclusion here
of a somewhat detailed account of their calculation.
Using the notation of Theorem 2.2, we first observe that, since ∂r/∂xi = xi/r, we have
(A.1) ∇r = gij xi
r
∂
∂xj
.
and hence
(A.2) |∇r|2 = gij xixj
r2
= 1− eij xixj
r2
+O(r−2τ ).
Also, if ν is the outward unit normal vector field to the coordinate 2-sphere S2r then
(A.3) ν =
x
r
+O(r−τ ).
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Let dS2,δr = r
2dS2,δ1 be the area element of the euclidean sphere of radius r. It follows that the
area element of the corresponding coordinate sphere S2r expands as
(A.4) dS2r =
(
1 +
1
2
hijeij +O(r
−2τ )
)
dS2,δr ,
where
(A.5) hij = gij − νiνj = δij − xixj
r2
+O(r−τ )
is the induced metric (extended to vanish in the radial direction). Thus, the area of S2r is
(A.6) A(r) = 4πr2 +
1
2
∫
S2r
hijeijdS
2,δ
r +O(r
2−2τ ).
From this we obtain
d
dr
A(r) = 8πr +
1
2
∫
S2r
hij
xk
r
eij,kdS
2,δ
r +
1
r
∫
S2r
hijeijdS
2,δ
r + O(r
1−2τ ),
where the comma means partial differentiation. Using (A.5) we get
d
dr
A(r) = 8πr +
1
2
∫
S2r
eii,k
xk
r
dS2,δr −
1
2
∫
S2r
eij,k
xixjxk
r3
dS2,δr
+
1
r
∫
S2r
hijeijdS
2,δ
r +O(r
1−2τ ).
We now work out the third term in the right-hand side. We first note that
(A.7)
∂
∂xi
xj
r
=
δij
r
− xixj
r3
.
We then compute:∫
S2r
∂
∂xk
(
eij
xj
r
) xixk
r2
dS2,δr =
∫
S2r
eij,k
xixjxk
r3
dS2,δr
+
∫
S0r
eij
(
δjk
r
− xjxk
r3
)
xixk
r2
dS2,δr
=
∫
S2r
eij,k
xixjxk
r3
dS2,δr ,
so we have ∫
S2r
eij,k
xixjxk
r3
dS2,δr =
∫
S2r
∂
∂xk
(
eij
xj
r
) xixk
r2
dS2,δr
=
∫
S2r
∂
∂xi
(
eij
xj
r
)
dS2,δr︸ ︷︷ ︸
(I)
−
∫
S2r
(
δik − xixk
r2
) ∂
∂xk
(
eij
xj
r
)
dS2,δr︸ ︷︷ ︸
(II)
.
Using (A.5) we have
(I) =
∫
S2r
eij,i
xj
r
dS2,δr +
1
r
∫
S2r
hijeijdS
2,δ
r +O(r
1−2τ ).
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Also, integration by parts together with (A.7) gives
(A.8) (II) = −
∫
S2r
∂
∂xk
(xixk
r2
)
eij
xj
r
dS2,δr = −2
∫
S2r
eij
xixj
r3
dS2,δr ,
so that ∫
S2r
eij,k
xixjxk
r3
dS2,δr = −2
∫
S2r
eij
xixj
r3
dS2,δr +
∫
S2r
eij,i
xj
r
dS2,δr
+
1
r
∫
S2r
hijeijdS
2,δ
r +O(r
1−2τ ).
Thus,
(A.9)
d
dr
A(r) = 8πr − 8πm+
∫
S2r
eij
xixj
r3
dS2,δr +
1
2r
∫
S2r
hijeijdS
2,δ
r + o(1).
Combining this with (A.6), we get
(A.10)
d
dr
A(r) =
A(r)
r
+ 4πr − 8πm+
∫
S2r
eij
xixj
r3
dS2,δr + o(1).
We now look at the volume V (r) enclosed by S2r . By the co-area formula, (A.2) and (A.4),
1
r
d
dr
V (r) =
1
r
∫
S2r
|∇r|−1dS2r
=
A(r)
r
+
1
2
∫
S2r
eij
xjxj
r3
dS2,δr + o(1).(A.11)
We may now eliminate the integral term in (A.10) and (A.11). The result is
d
dr
(rA(r)) = 4πr2 − 8πmr + 2 d
dr
V (r) + o(r).
Integrating we obtain a formula relating the volume and area, namely,
(A.12) V (r) =
1
2
rA(r) − 2π
3
r3 + 2πmr2 + o(r2),
which gives
JM ;3,2r = r +
4πr2
A(r)
(
m− r
3
)
− 2r
3
(
A(r)
4πr2
) 1
2
+ o(1).
On the other hand, from (A.6),
A(r)
4πr2
= 1 + I +O(r−2τ ), I := 1
8πr2
∫
S2r
hijeijdS
2,δ
r = O(r
−τ )
so that
JM ;3,2r = r +
(
1− I +O(r−2τ )) (m− r
3
)
− 2r
3
(
1 +
1
2
I +O(r−2τ )
)
+ o(1)
= m+ o(1),
which gives the proof of Theorem 2.1.
So far we have been following [FST] closely. We now explain how a little variation yields the
proof of Theorem 2.2. We will make use of the well-known expansion
(A.13) H =
2
r
+O(r−τ−1).
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Together with (A.4) this gives
(A.14)
M(r)
8πr
= 1+ I +O(r−2τ ).
Also, by the first variation formula for the area,
d
dr
A(r) =
∫
S2r
〈
∂
∂r
,Hν
〉
dS2r
(A.2)+(A.13)
=
∫
S2r
|∇r|−1HdS2r
= M(r) +
∫
S2r
eij
xixj
r3
dS2,δr +O(r
−2τ+1),
and combining this with (A.10) we get
(A.15)
1
2
r2M(r) =
1
2
rA(r) + 2πr3 − 4πmr2 + o(r2).
We now use (A.12) to eliminate the area term. Solving for the volume we get
(A.16) V (r) =
1
2
r2M(r) − 8π
3
r3 + 6πmr2 + o(r2),
so that, using (A.14),
JM ;3,1r =
2
3
r +
8πr
M(r)
(
m− 4
9
r
)
− 2
9
r
(
M(r)
8πr
)2
+ o(1)
=
2
3
r +
(
1− I +O(r−2τ ))(m− 4
9
r
)
− 2
9
r
(
1 + 2I + O(r−2τ ))+ o(1)
= m+ o(1),
which finishes the proof of the first equality in (2.13). As for the second one, note that by (A.15)
and (A.14),
JM ;2,1r = r +
4πr
M(r)
(2m− r)− 1
16π
M(r) + o(1)
= r +
1
2
(
1− I +O(r−2τ )) (2m− r) − r
2
(
1 + I +O(r−2τ ))+ o(1)
= m+ o(1),
which completes the proof of Theorem 2.2.
We now present the proof of Theorem 2.4. We first observe that instead of (A.6) we now have
(A.17) A(r) = 2πr2 + 1
2
∫
S2r,+
hije+ijdS
2,δ+
r,+ +O(r
2−2τ ).
Also, the integration by parts leading to (A.8) now produces an extra term, so that (II) gets
replaced by
(A.18) (II+) = −2
∫
S2r,+
e+ij
xixj
r3
dS2,δ
+
r,+ −
∫
S1r
e+kj
xj
r
ϑkdS1,δ
+
r +O(r
−2τ+1).
Thus, instead of (A.10) we now have
(A.19)
d
dr
A(r) = A(r)
r
+ 2πr − 8πm+
∫
S2r,+
e+ij
xixj
r3
dS2,δ
+
r,+ + o(1).
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Hence, proceeding exactly as before we now get
(A.20) V(r) = 1
2
rA(r) − π
3
r3 + 2πmr2 + o(r2),
which gives
JM ;3,2r =
r
2
+
2πr2
A(r)
(
m− r
6
)
− r
3
(A(r)
2πr2
) 1
2
+ o(1)
=
r
2
+
(
1− Î +O(r−2τ )
)(
m− r
6
)
− r
3
((
1 +
1
2
Î +O(r−2τ )
))
+ o(1)
= m+ o(1),
where
Î =
1
4πr2
∫
S2r,+
hije+ijdS
2
r,+ = O(r
−τ ).
This completes the proof of Theorem 2.4.
APPENDIX B. THE VARIATIONAL SETUP
Here we address the variational issues needed in the bulk of the paper. Our aim is twofold.
First, we review the well-known variational theory of free boundary constant mean curvature
surfaces [RV, RS]. Next, we discuss the much less known variational theory of closed surfaces
which are critical for the total mean curvature functional under a volume preserving constraint
and develop the corresponding stability theory. We remark that the variational theory associ-
ated to curvature integrals involving elementary symmetric functions of the principal curvatures
(quermassintegrals) of hypersufaces in space forms is a well established subject; see [BC] and the
references therein.
We start by considering a one-parameter family of compact, embedded surfaces t ∈ (−ε, ε) 7→
St in an arbitrary Riemannian manifold (M
3, g) evolving as
(B.1)
∂xt
∂t
= Yt,
where xt is the smooth map defining the embedding and Yt is a vector field along St, a (not
necessarily normal) section of TM restricted to St. As usual, if νt is the unit normal vector field
along St, let W = ∇νt be the shape operator of St, so the corresponding principal curvatures
(the eigenvalues of W ) are κ1 and κ2. Thus, the mean curvature is H = κ1 + κ2 and the Gauss-
Kronecker curvature isK = κ1κ2. For later reference, we also set
K˜ = K − 1
2
Ricg(ν, ν),
the modified Gauss-Kronecker curvature.
A well-known computation gives
(B.2)
d
dt
A(t)|t=0 =
∫
S
divSY dS,
where A(t) = Area(St) is the area of St and we agree to drob the subscript t upon evaluation at
t = 0. Next we decompose Yt into its normal and tangential components:
(B.3) Yt = ftνt + Y
⊤
t , ft = 〈Yt, νt〉,
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Thus, if we assume further that St carries a boundary ∂St,
d
dt
A(t)|t=0 =
∫
S
fHdS +
∫
S
divSY
⊤dS
=
∫
S
fHdS +
∫
∂S
〈Y, µ〉d∂S,(B.4)
where µ is the outward unit normal vector field to S along ∂S and we used thatH = divSν.
Let us assume now that M also carries a boundary, say Σ, with the variation being admissible
in the sense that ∂St ⊂ Σ. It follows that S = S0 is critical for the area under such variations
satisfying the volume preserving condition
(B.5)
∫
S
fdS = 0
if and only if the mean curvature is constant and S meets Σ orthogonally along ∂S. We then say
that S is a free boundary constant mean curvature (CMC) surface.
We now recall the corresponding notion of stability. Assuming that S = S0 is a free boundary
CMC as above, a well-known computation [RS] gives the second variational formula for the area:
(B.6)
d2A
dt2
|t=0 =
∫
S
fLSfdS +
∫
∂S
f
(
∂f
∂µ
− κf
)
d∂S,
where
(B.7) LS = −∆S −
(|W |2 +Ricg(ν, ν)) ,
κ = 〈ν,Wν〉 andW = ∇η is the shape operator of the embedding Σ →֒M . Here, η is the outward
unit normal vector toM along Σ.
Recall that S = S0 is strictly stable (as a free boundary CMC surface) if the right-hand side of
(B.6) is positive for any f 6= 0 satisfying (B.5). Accordingly, we define
F(S) =
{
f ∈ H1(S);
∫
S
fdS = 0
}
.
Proposition B.1. A free boundary CMC surface S as above is strictly stable if and only if the first eigen-
value λLS of the eigenvalue problem {
LSf = λf in S
∂f
∂µ = κf on ∂S
is positive, where f ∈ F(S). Equivalently,∫
S
(|∇Sf |2 − (|W |2 +Ric(ν, ν)) f2) dS − ∫
∂S
κf2d∂S > 0, 0 6= f ∈ F(S).
We now turn to the variational theory of the total mean curvature functional
∫
S
HdS. Here we
assume that St is closed (∂S = ∅) and the variation is normal (Y = fν). A simple computation
shows that the shape operator evolves as
(B.8)
∂W
∂t
= −∇2Sf − (W 2 + Riemνg)f,
where∇2S , the Hessian of f , is viewed as a (1, 1)-tensor and Riemνg(·) = Riemg(·, ν)ν.
Proposition B.2. In a Riemannian 3-manifold (M, g) as above, a closed surface extremizes the total mean
curvature under volume preserving variations if and only if K˜ = const.
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Proof. From ∂dSt/∂t = fHdSt, the fact that the mean curvature evolves as
(B.9)
∂H
∂t
= LSf,
and the algebraic identity |W |2 = H2 − 2K , we immediately see that
∂
∂t
∫
St
HdSt|t=0 = 2
∫
S
K˜fdSt,
which proves the result. 
In order to discuss the stability of this variational problem, we now compute the variation of
K˜. First, from ∂ν/∂t = −∇Sf ,
(B.10)
∂
∂t
Ricg(ν, ν) = f∇νRicg(ν, ν)− 2Ricg(Df, ν).
As for the variation of K , we first recall the well-known formula
∂
∂t
K = trS
(
Π
∂
∂t
W
)
,
where Π = HI −W is the Newton tensor [Ro]. Using (B.8) we then get
(B.11)
∂
∂t
K = −trSΠ∇2Sf − f
(
trSΠW
2 + trSΠRiem
ν
g
)
.
To proceed we choose an orthonormal frame eA, A = 1, 2, tangent to S with (∇S)eAeB = 0 at the
given point. We compute
trSΠ∇2Sf = ΠAB〈(∇S)eA∇Sf, eB〉
= ΠABeA〈∇Sf, eB〉 −ΠAB〈∇Sf, (∇S)eAeB〉
= (ΠAB∇SfB);A −ΠAB;A∇SfB,
where the semicolon denotes covariant derivation. By Codazzi equations, and recalling that h =
g|S ,
ΠAB;A = (Hh
AB);A −WAB;A
= (eAH)h
AB − (WAA;B + 〈Riemg(ν, eA)eB, eA〉)
= eBH − eBH − Ricg(ν, eB),
so that
trSΠ∇2Sf = divSΠ∇Sf +Ricg(ν,∇Sf).
Thus, from (B.11) and the algebraic identity trSΠW
2 = HK ,
∂
∂t
K = −ΛSf − Ricg(ν,∇Sf)− fHK − ftrSΠRiemνg ,
where
(B.12) ΛSf = divSΠ∇Sf.
Together with (B.10) this finally gives
(B.13)
∂
∂t
K˜ = LSf,
where
(B.14) LS = −ΛS −
(
HK − 1
2
∇νRicg(ν, ν)− trSΠRiemνg
)
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is the corresponding Jacobi operator. We note that
(B.15) −
∫
S
fΛS f˜dS =
∫
S
〈Π∇Sf,∇S f˜〉dS,
for any functions f and f˜ . In particular, LS is always self-adjoint. Moreover, it is easy to check
that this operator is elliptic whenever Π is positive definite.
We now consider a surface S ⊂ M satisfying K˜ = const. and with the property that Π is
positive definite everywhere. We then say that S is strictly stable if
d2
dt2
∫
S
HdS|t=0 > 0,
for any normal variation as in (B.1) with f 6= 0. As before let us set
G(S) =
{
f ∈ H1(S);
∫
S
fdS = 0
}
.
Proposition B.3. S is strictly stable if and only if∫
S
(
〈Π∇Sf,∇Sf〉 − f2
(
HK − 1
2
∇νRicg(ν, ν)− trSΠRiemνg
))
dS > 0,
for any 0 6= f ∈ G(S). Equivalently, the first eigenvalue λLS of the eigenvalue problem
LSf = λf, f ∈ G(S),
is positive.
APPENDIX C. THE GAUSS-KRONECKER CURVATURE IN TERMS OF THE MEAN CURVATURE
Our aim here is to prove the identity (3.4), which expresses the Gauss-Kronecker curvature
of large coordinate spheres in terms of the mean curvature up to a remainder decaying fastly
enough at infinity. Our starting point is the fact that the radial vector field
X = (xi − ai) ∂
∂xi
is conformal with respect to the euclidean metric: LXδ = 2δ, where L is Lie derivative. From this
we see that X is also conformal with respect to the metric g
(1)
m := (1 + 2m/r)δ:
(C.1) LXg(1)m = 2ξg(1)m , ξ(r) = 1−
m
r
+
2m2
r2
+O(r−3).
Proposition C.1. X is almost conformal with respect to the aS metric g = g
(1)
m + p in the sense that
(C.2) LXg = 2ξg +B,
where B = O(r−2).
Proof. A direct computation shows that (C.2) holds with B = LXp− 2ξp. Note however that
(LXp)jk = X i∇ipjk + pik∇jX i + pij∇kX i,
and the result follows given that X = O(ρ) and p = O(r−2). 
At this point we make use of a computation first appearing in [ABC]. We take {e1, e2} to be
a local orthornormal frame on S2ρ(a). If X
⊤ = X − 〈X, ν〉ν is the tangential component of X we
obtain from (C.2) that
〈∇ΠeAX⊤, eA〉+ 〈∇eAX⊤,ΠeA〉 = 2ξ〈ΠeA, eA〉 − 2〈X, ν〉〈WΠeA, eA〉+B(ΠeA, eA),
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where here Π = HI −W is the Newton tensor of S2ρ(a). Since
〈∇eAX⊤,ΠeA〉 = 〈eA,∇ΠeAX⊤〉,
this simplifies to
〈∇eAX⊤,ΠeA〉 = ξ〈ΠeA, eA〉 − 〈X, ν〉〈WΠeA, eA〉+
1
2
B(ΠeA, eA).
Thus, if we sum over A,
(C.3)
∑
A
〈∇eAX⊤,ΠeA〉 = ξHa,ρ − 2〈X, ν〉Ka,ρ +
1
2
∑
i
B(ΠeA, eA).
Proposition C.2. One has X⊤ = O(ρ−1).
Proof. One computes that
(C.4) ν =
(
1− m
ρ
)
ri
∂
∂xi
+O(ρ−2),
so that
(C.5) 〈X, ν〉 = ρ
(
1 +
m
ρ
)
+O(ρ−1).
Thus,
〈X, ν〉ν = ρ (1 +O(ρ−2)) ri ∂
∂xi
+O(ρ−1)
= X +O(ρ−1),
and the result follows. 
We now observe that by (3.1) we may rewrite (3.22) as
Π =
1
2
Hρ,aI +O(ρ
−3),
so that
1
2
∑
A
B(ΠeA, eA) =
1
4
Hρ,atrS2ρ(a)B +O(ρ
−5),
where we used that trS2ρ(a)B = O(ρ
−2). Also, the left-hand side of (C.3) may be treated similarly.
Indeed, ∑
A
〈∇eAX⊤,ΠeA〉 =
(
1
2
Hρ,a +O(ρ
−3)
)
divS2ρ(a)X
⊤
=
1
2
Hρ,adivS2ρ(a)X
⊤ +O(ρ−5),
where we used that divS2ρ(a)X
⊤ = O(ρ−2) by Proposition C.2.
Putting all the pieces of our computation together and using that 〈X, ν〉 = O(ρ) we get
2Ka,ρ =
(
ξ
〈X, ν〉 +
1
〈X, ν〉
(
1
4
trS2ρ(a)B −
1
2
divS2ρ(a)X
⊤
))
Ha,ρ +O(ρ
−6)
=
(
ξ
〈X, ν〉 +O(ρ
−3)
)
Ha,ρ +O(ρ
−6)
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The proof of Proposition 3.3 is completed if we note that by (C.1) and (C.5),
ξ
〈X, ν〉 =
1
ρ
(
1− 2m
ρ
+O(ρ−2)
)
.
APPENDIX D. THE PROOF OF PROPOSITION 4.1
Here we indicate how the argument in [EM2, Appendix F] may be used to prove Proposition
4.1. In fact, this method allows us to approach the problem in the larger category of manifolds
considered in Definition 2.7.
Proposition D.1. If (M, g) is an asymptotically flat 3-manifold with a noncompact boundary satisfying
the RT condition then
(D.1)
∫
S2ρ,+(b)
(xα − bα)
(
Hρ,+,b − 2
ρ
)
dS2,δ
+
ρ,+ (b) = 8πm
(
bα − C+α
)
+O(ρ−τ ), α = 1, 2.
Corollary D.1. There holds
C+α = − lim
ρ→+∞
1
8πm
∫
S2ρ,+(
~0)
xαHρ,+,~0dS
2,δ+
ρ,+ (~0).
The key ingredient in the proof is an integral identity derived from the fact that S2ρ,+(b) is a
free boundary CMC surface with mean curvature 2/ρwith respect to the flat metric δ+.
Proposition D.2. There holds
1
2
∫
S2ρ,+(b)
(xα − bα) e+ij,krirjrkdS2,δ
+
ρ,+ (b) =
∫
S2ρ,+(b)
(xα − bα)
(
1
2
e+ij,krj − 2e+ij
rirj
ρ
)
dS2,δ
+
ρ,+ (b)
+
1
2
∫
S2ρ,+(b)
(
e+iirα + e
+
iαri
)
dS2,δ
+
ρ,+ (b)
−1
2
∫
S1ρ(b)
(xα − bα) e+i3ridS1,δ
+
ρ (b),
where S1ρ(b) = ∂S
2
ρ,+(b).
Proof. Apply the identity that follows from equating the right-hand sides of (B.2) and (B.4) with
µ = ϑ to the vector field Y(α) = (xa − bα)e+ijri∂j by taking into account that
div Yα = e
+
iαri + (xα − bα)
(
e+ii
ρ
− 2e
+
ij
ρ
rirj + e
+
ij,jri − e+ij,krirjrk
)
,
and ϑ = −∂3. 
We now recall the expansion
Hρ,+,b − 2
ρ
=
1
2
e+ij,krirjrk + 2e
+
ij
rirj
ρ
− e+ij,irj +
1
2
e+ii,jrj −
e+ii
ρ
+ E,
where the remainder satisfies E = O(ρ−1−2τ ) and E(odd
′) = O(ρ−2−2τ ). This reduces to (4.1) if
we take e+ = 2mr−1δ+ + O(r−2), which provides the link between Propositions D.1 and 4.1. It
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follows that∫
S2ρ,+(b)
(xα − bα)
(
Hρ,+,b − 2
ρ
)
dS2,δ
+
ρ,+ (b) = −
1
2
∫
S2ρ,+(b)
(xα − bα)
(
e+ij,i − e+ii,j
)
rjdS
2,δ+
ρ,+ (b)
+
1
2
∫
S2ρ,+(b)
(
e+iαri − e+iirα
)
dS2,δ
+
ρ,+ (b)
−1
2
∫
S1ρ(b)
(xα − bα) e+i3ridS1,δ
+
ρ (b) +O(r
−τ ),
where Proposition D.2 has been used to make sure that only those terms which are linear in r
survive in the right-hand side. We now observe that under the decay assumptions (including
Regge-Teitelboim) the integrals∫
S2ρ,+(b)
xα
(
e+ij,i − e+ii,j
) bj
ρ
dS2,δ
+
ρ,+ (b),
∫
S2ρ,+(b)
(
e+ij,i − e+ii,j
) bj
ρ
dS2,δ
+
ρ,+ (b),
and ∫
S2ρ,+(b)
(
e+iα
bi
ρ
− e+ii
bα
ρ
)
dS2,δ
+
ρ,+ (b)
are O(ρ−τ ), the same happening to the boundary integrals
bα
ρ
∫
S1ρ(b)
xαe
+
i3dS
1,δ+
ρ (b),
bαbi
ρ
∫
S1ρ(b)
e+i3dS
1,δ+
ρ (b).
Thus, we end up with∫
S2ρ,+(b)
(xα − bα)
(
Hρ,+,b − 2
ρ
)
dS2,δ
+
ρ,+ (b) = −
1
2
∫
S2ρ,+(b)
xα
(
e+ij,i − e+ii,j
) xj
ρ
dS2,δ
+
ρ,+ (b)
+
1
2
∫
S2ρ,+(b)
(
e+iα
xi
ρ
− e+ii
xα
ρ
)
dS2,δ
+
ρ,+ (b)
−1
2
∫
S1ρ(b)
xαe
+
i3
xi
ρ
dS1,δ
+
ρ (b)
+
1
2
bα
∫
S2ρ,+(b)
(
e+ij,i − e+ii,j
) xj
ρ
dS2,δ
+
ρ,+ (b)
+
1
2
bα
∫
S1ρ(b)
e+i3
xi
ρ
dS1,δ
+
ρ (b) +O(ρ
−τ ).
Comparing the right-hand side with the definitions of m and C+, the proof of Proposition D.1,
and hence of Proposition 4.1, follows.
Remark D.1. The upshot of Corollary D.1 is another expression for the center of mass C+, besides
(2.29), derived from Hamiltonian methods, and the isoperimetric one appearing in Theorems 2.5
and 2.6. Another rendition of this invariant comes from [dLGM, Theorem 2.4], this time in terms
of certain asymptotic flux integrals involving the Einstein tensor of the metric in the interior and
the Newton tensor along the boundary; see also [Ch]. It is remarkable indeed that this kind of
invariant admits so many distinct manifestations.
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APPENDIX E. THE UNIQUENESS OF THE FREE BOUNDARY CMC HEMISPHERES
The very last piece of the argument leading to Theorem 2.6 uses the appropriate uniqueness of
the free boundary CMC hemispheres in Theorem 2.5. Here we justify this step by following the
reasoning in [HY, Section 4]. We know from the analysis in Section 4 that for each ρ large enough
the corresponding hemisphere is graphically described by a function φρ on S
2
ρ,+(C+) satisfying
the bound
‖ρ−1/2φρ‖(ρ)C2,α ≤ C,
where C > 0 is an absolute constant and the weighted Ho¨lder norm is defined as in the left-hand
side of (3.19). The uniqueness claim is that any other free boundary CMC hemisphere with the
same mean curvature and which is graphed by a function satisfying this Ho¨lder bound should
coincide with (the graph of) φ0 := φρ. Indeed, assume there exists another such hemisphere, say
associated to a function φ1. As in [HY, Proposition 2.1], the asymptotic roundness of the graphs
means that we may interpolate between the corresponding embeddings by setting
Ft(x) = F0(x) + tu(x)ν(x), t ∈ [0, 1],
for some function u(x) = 〈~a, ν(x)〉 + q(x), where ~a ∈ R2 is a vector and q = O(ρ−1). A crucial
remark at this point is that all of these surfaces are free boundary (with a possibly non-constant
mean curvature HFt for 0 < t < 1) and may be graphed by using functions satisfying the same
Ho¨lder bound as φ0. SinceHF0 = HF1 , the variational vector field Y = F1 − F0 satisfies
|Y | ≤ ‖dHF0Y ‖−1 sup
t
‖d2HFt(Y, Y )‖ ≤ C1|Y |2,
where we used (4.15) applied to dHF0 = LF0 , the Jacobi operator associated to F0, and the fact
that ‖d2HFt‖ = O(ρ−3) uniformly in t. Thus, there exists an absolute constant C2 > 0 such that
|Y | ≤ C2 implies Y = 0. We next check that |Y | (equivalently, |~a|) may be chosen small enough so
as to fulfill this vanishing criterium if ρ is large. We first note that, again becauseHF0 = HF1 ,
(E.1) ‖dHF0Y ‖ ≤ sup
t
‖(dHFt − dHF0)Y ‖.
As in [Am, Proposition 16] we compute that
dHFtY = LFtu+ Y
⊤HFt ,
where Y ⊤ is the tangential component of Y . Starting with (C.4) we obtain |Y ⊤| = O(ρ−3) and
hence |Y ⊤HFt | = O(ρ−4). Combining this with (4.10) we see that the right-hand side of (E.1) is
O(ρ−4). On the other hand, from Lemma 4.1 we have that 〈~a, ν〉 is an approximate eigenfunction
of LF0 under the free boundary condition with eigenvalue close to 6mρ
−3, so the left-hand side
of (E.1) is ≥ C3|~a|ρ−3. Thus, |~a| ≤ C4ρ−1 and the uniqueness claim follows provided we take
ρ ≥ C−12 C4.
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